Spatial states of single photons and spatially entangled photon pairs are becoming an important resource in quantum communication. This additional degree of freedom provides an almost unlimited information capacity, making the development of high-quality sources of spatial entanglement a wellmotivated research direction. We report an experimental method for generation of photon pairs in a maximally entangled spatial state. In contrast to existing techniques the method does not require post-selection and allows one to use the full photon flux from the nonlinear crystal, providing a tool for creating high-brightness sources of pure spatially entangled photons. Such sources are a prerequisite for emerging applications in free-space quantum communication.
Spatial states of single photons and spatially entangled photon pairs are becoming an important resource in quantum communication. This additional degree of freedom provides an almost unlimited information capacity, making the development of high-quality sources of spatial entanglement a wellmotivated research direction. We report an experimental method for generation of photon pairs in a maximally entangled spatial state. In contrast to existing techniques the method does not require post-selection and allows one to use the full photon flux from the nonlinear crystal, providing a tool for creating high-brightness sources of pure spatially entangled photons. Such sources are a prerequisite for emerging applications in free-space quantum communication.
The process of spontaneous parametric downconversion (SPDC) is well-known as a tool for quantum engineering of two-photon entangled states. Special attention is paid to maximally entangled Bell-type states which play a crucial role both in fundamental tests of quantum mechanics and practical applications, such as entanglement-based and device-independent quantum cryptography protocols [1, 2] . In this context, the SPDC process is widely utilized as a source of polarizationentangled Bell pairs [3] , but over the last decade numerous works have focused on the spatial domain [4] [5] [6] [7] [8] . This interest is driven by the ability to expand the dimensionality of the two-photon Hilbert space using spatial states in addition to polarization and energy-time degrees of freedom [9] .
For example, quantum correlations in the orbital angular momentum (OAM) allow one to produce a Bell pair with a signal photon carrying ±l and an idler photon carrying ∓l units of OAM, respectively [4] . However, existing methods necessarily require postselection of the states belonging to a particular two-dimensional subspace of a larger Hilbert space. Indeed the two-photon state produced by SPDC with a Gaussian pump may be written as |ψ = ∞ l=−∞ c l |l s |l i with c l = c −l . The Bell state is obtained by postselecting a particular value of l [6, 10] . The values of c l are determined by the azimuthal Schmidt number (or spiral bandwidth) of the biphoton state [11] and are always less then c 0 for l > 0, so a significant fraction of pairs is lost in the postselection process. An alternative method suggests postselecting a subspace containing a Gaussian |0 s |0 i mode [12] , here all four Bell states of the form |ψ = |0 s |0 i ± |l s |±l i may be generated, but still at the expense of inevitable loss due to postselection.
A scheme for Bell states generation without the need for postselection was proposed by Yarnall et al. [5, 13] . The authors had mapped the multi-dimensional Hilbert space of transverse modes onto a two-dimensional parity space. Such an approach allowed them to violate the Bell's inequality in the spatial-parity space without subspace projections. This experimental technique is closer to an ideal Bell's experiment, however, the parity states considered are intrinsically multimode, containing as high as 4000 spatial modes [5] , complicating their use in free-space communication and almost ruling out the possibility to use them for spatial mode division multiplexing in optical fibers. One should also be very careful not to violate the fair-sampling assumption in Bell experiments with such multimode states [14] .
In this Letter we provide a spatial Bell state generation method, which does not require any spatial filtration of the SPDC transverse mode spectrum. By carefully shaping the spatial profile of the pump we generate the SPDC radiation with the spatial mode content limited to the subspace, containing the zero-and first-order Hermite-Gaussian modes only. High fidelity of the generated states with ideal Bell states is confirmed by full state tomography and significant violation of CHSH inequality. Post-selection free character of the method allows for creation of high-brightness sources of spatial Bell states, while their well-defined and low-order mode content would facilitate their use in free-space and few-mode fiber communication channels. In addition, we study a number of interesting states, generated by transforming the spatial mode of the pump beam to low-order HermiteGaussian modes, demonstrating vast abilities in engineering the spatial quantum state of photon pairs.
Hermite-Gaussian Bell states. The two-photon state generated by SPDC is |ψ = |vac + const × dk s dk i Ψ( k s , k i ) |1 s |1 i , with k s,i being the wave vectors of the scattered photons. Under the paraxial approximation and for the case of the exact collinear phasematching the biphoton amplitude Ψ( k s , k i ) can be written as
where the subscript ⊥ denotes the transverse vector component. It is clear from this equation that the biphoton spatial wavefunction carries the same functional form as the pump beam amplitude [15] [16] [17] , so the control over the spatial shape of the pump beam provides an ability to produce nontrivial two-photon states [18] [19] [20] is pumped with a Hermite-Gaussian (HG) beam, following [21, 22] and [23] :
where HG n (k, w) ∝ √ wH n (wk) exp(−w 2 k 2 /2), H n (x) is the n-th order Hermite polynomial, and w is the width parameter. Since HG functions form a complete basis of orthogonal transverse modes, we can decompose the biphoton state as
where σ denotes the width of the down-converted mode and kets |HG αβ , σ are defined as
, where δ −1 = 4k p /L is the phase-matching angular width [24] . Under this approximation the two-dimensional wavefunction (3) factorizes, such that C
kt . Furthermore, when the widths of the collected down-converted modes satisfy σ = √ 2wδ and the pump beam is a Gaussian one, the HG expansion coefficients take the form C (0) ju ∝ δ ju , where δ ju is the Kronecker delta. This leads directly to a well-known Schmidt decomposition:
experimentally studied in Ref. [25] (here λ n denote the eigenvalues of the corresponding Schmidt modes). The Schmidt number, quantifying the degree of spatial entanglement in this system, becomes factorized:
where
Focusing the pump beam such, that w ≈ δ allows one to reach a single spatial mode regime of SPDC, when K ≈ 1. In this case there is only one non-zero eigenvalue in the Schmidt decomposition λ 0 = 1, and (4) reduces to a factorized separable state with the signal and idler photons in Gaussian modes. At the same time, if the pump beam is an HG 10 mode of the same width w, the SPDC state becomes
which is exactly the Bell state |Ψ + . Importantly, under the double-Gaussian approximation the amplitudes of the higher-order modes are all exactly equal to zero, and the whole state is localized in the two-dimensional subspace. Thus, the photon pairs are generated in the Bell state by design, without the need to postselect the particular subspace in the measurement process. One may expect, that the Gaussian approximation may be over-optimistic and the exact state will have contributions from higher-order modes. While this is, strictly speaking, true, our experimental results show, that eq. (6) is a very good approximation to the true state, and the population outside the two-dimensional manifold is insignificant.
Experiment. The experimental setup used to test the proposed method is shown in Fig. 1 . A 407 nm diode laser was used as a pump. The pump beam was spatially filtered by a single-mode fiber, collimated by a 20X microscope objective (O1), and directed onto a spatial light modulator (SLM1) (Cambridge Correlators). The beam in the first diffraction order of the SLM1 was focused via a 200 mm lens (L1) on a 25-mm thick periodically poled KTP crystal (PPKTP) designed for a collinear frequency degenerate type-II phase-matching. The down-converted light was collimated by a lens (L2) with a focal length of 150 mm and filtered by a 820 nm interference filter (IF) with a 10 nm bandwidth (it was tilted to transmit 814 nm radiation). The produced pairs of vertically and horizontally polarized photons were split on a polarizing beam splitter (PBS) and reflected by a right angle mirror to the SLM2 (Holoeye Pluto). The right and left halves of the same SLM were used for H-and V-polarized photons, respectively. A half-wave plate (HWP) was installed in the V-channel to match the horizontal working polarization of the SLM2. Photons in the first diffraction order of SLM2 were coupled with 20x microscope objectives (O3) and (O4) to single-mode fibers placed in the objectives focal planes. The fibers were connected to photon counting modules (Perkin-Elmer), followed by a coincidence circuit with a gating time of 4 ns.
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FIG. 1. Experimental setup (see text for a detailed description).
We used a long PPKTP crystal to reach the high SPDC efficiency and to avoid the detrimental walk-off of the interacting beams at the same time. Digital holograms used to generate the pump beam in the desired mode by SLM1 and to detect the resulting SPDC mode spectrum by SLM2 were calculated according to the method proposed in Ref. [26] for phase-only SLMs. This method enables the simultaneous modulation of the phase and amplitude of the beam without unwanted alterations caused by diffraction in the first order. The quality of the projective measurements implemented with this technique have been recently successfully tested experimentally [27, 28] .
In Next, we performed Schmidt number measurements with a Gaussian pump beam by projecting the SPDC state on HG modes with SLM2 followed by single mode fibers. 
20 | 2 , with the height of approximately 2% of the main peak each. Moreover, the variation of the ratio between the pump and the detection waists w p /σ s,i in the range from 0.7 to 1.4 did not help us to completely get rid of these higher-order modes [30] . Thus, we attribute the presence of these non-diagonal elements in the matrices |C to the notable difference between the real Schmidt basis and the basis of Hermite-Gaussian modes [31] . This is a consequence of a non-Gaussian nature of the biphotons wavefunction, which makes the exactly single-Schmidtmode down-conversion regime impossible to realize with a Gaussian pump. Using the relation λ a ∝ |C
aa | 2 we obtained a robust estimate for the horizontal Schmidt number K x = 1.31 ± 0.05. The similar estimation for the vertical modes gave us K y = 1.33 ± 0.04 with the total Schmidt number K = K x × K y = 1.74 ± 0.08. This was the minimal value of K observed in our experiment (for further details, see Supplementary Materials).
After that, we changed the spatial mode of the pump beam to the first three low-order horizontal HG modes, retaining the optimal focusing conditions. Fig. 2 shows the experimentally measured histograms. At the same time we measured the coefficients |C (m) kt | 2 for the corresponding vertical modes and ensured, that the observed angular spectrum of the vertical modes retains a Gaussian form, confirming the factorization of x-and y-coordinates. It is clear from these results that the sum j + u of the mode indices of the down-converted photons is close to, but not exactly equal to the index of the pump mode [21] , due to the fact that K > 1. In the case of the HG 10 pump (Fig. 2b) the two-photon state is indeed very close to the desired spatial Bell state (6), which we confirmed by performing full state tomography, as well as by violating the Clauser-HorneShimony-Holt (CHSH) inequality.
We performed a Bell-type inequality experiment in a way similar to the one used in [6] for the OAM modes. The holograms displayed on SLM2 in the signal and idler channels corresponded to projections on the states |θ s,i = cos(θ s,i /2) |HG 00 +sin(θ s,i /2) |HG 10 . So the coincidence counting rate is R c (θ s , θ i ) ∝ | θ s | θ i |Ψ + | 2 ∝ sin(θ s − θ i ). The experimentally obtained dependencies are shown in Fig. 3 . The value of the CHSH parameter S, which may be calculated from these data, has to be less than 2 for any local realistic theory. We have clearly violated this inequality with the experimentally obtained value of S = 2.81 ± 0.05.
In order to reconstruct the full state density matrix, we performed the full state tomography in the subspaces of higher dimensions: d = 3 × 3 and d = 6 × 6 (see Supplementary Materials for details). The real and imaginary parts of the reconstructed density matrix ρ are shown in Fig. 4(a) . The fidelity with the target Bell state ρ th = |Ψ + Ψ + |, given by F (ρ, ρ th ) = [Tr √ ρ th ρ √ ρ th ] 2 , was found to be 0.97 ± 0.01. When the state is reconstructed in a larger subspace (Fig. 4(b) ) the fidelity reduces to F (ρ, ρ th ) = 0.72 ± 0.02. This kind of fidelity degradation with the increasing dimension was observed before in the experiments with OAM [32, 33] . We attribute such behavior to both the reduction of the statistical sample size and to the alignment errors, which become critical as the structure of the detection modes grows in complexity. The presence of anti-diagonal peaks |C (1) ju | 2 with j + u = 3 on the histogram in the Fig. 2 (b) due to non-Gaussianity of the two-photon amplitude also reduces the fidelity.
Discussion and conclusion. The results reported here correspond to the |Ψ + state, the |Ψ − is readily generated by installing an additional mirror in one of the down-conversion channels. The mirror flips the sign of the HG 10 mode, while leaving the Gaussian mode intact, thus performing the required transformation. The generation of positively-correlated |Φ ± states is more tricky, since ideally it requires an SPDC state with exactly two Schmidt modes. This cannot be achieved in a completely postselection-free manner, however, by exploiting the pump in a superposition of HG 00 and HG 20 modes, one may achieve a probability of success for postselecting |Φ ± as high as 70% (see Supplementary Materials). At the same time, most of the practical entanglement based communication protocols only require a high-fidelity source of one of the Bell states, which is exactly what our method is tailored to achieve.
One of the main advantages of our source is its brightness. The observed coincidence counting rate per 1 mW of pump power was R c ∼ 0.1 kHz/mW. The overall loss in our detection scheme are high with the dominating sources being: the SLM2 with amplitude modulation (∼ 80%), the detection efficiency of the photon counters (∼ 20%), non-unity transmission of the interference filter (∼ 50%). Taking that into account, we can estimate the pair generation rate as R ∼ 15 kHz/mW, which is comparable with the rates for the sources of polarization entangled pairs using similar crystals [34] .
The quality of the Bell states produced by the source is mainly limited by the residual population in the n + m ≥ 2 subspace, which is a consequence of non-gaussianity of the exact two-photon amplitude. We believe, that the fidelity of the state may be further improved by adaptively tailoring the spatial profile of the pump to maximize the overlap of the down-converted state with the desired one. Besides that, exploiting higher order pump modes together with adaptive control opens the way for engineering highly-correlated, symmetric spatial states of precisely controlled dimensionality which is one of the directions for further work.
In conclusion, we have experimentally demonstrated the bright source of photon pairs in a spatial Bell state. The source exhibits remarkable features: the spatial state is confined to a 4-dimensional subspace with negligible population of higher-order modes; within this subspace the generated state has high fidelity with an ideal Bell state without any postselection. Controlled dimensionality and lack of irrelevant higher-order modes make this source attractive for applications in quantum communication via turbulent free-space channels [35] and fewmode fibers [36] with significant mode-mixing. Thus it is an important step towards practical implementation of quantum communication protocols based on spatial entanglement.
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SUPPLEMENTARY INFORMATION
SCHMIDT NUMBER MEASUREMENTS
At the first stage of the experiment, our main goal was to achieve the lowest possible value of the Schmidt number. As was mentioned above, the analytic expression for the Schmidt number K
as a function of the pump beam waist w is obtained by the substitution:
in the following expression for the biphoton amplitude:
(9) According to the numerical results in [31] , the equation (7) could be improved with additional factors α and β
where α = 0.85 and β = 1.65. Fig. 5 depicts the Schmidt number K as a function of the pump beam waist w p for two cases approaches: the solid line corresponds to the equation (7) and the dashed line represents its modification (10) . From this plot it is easy to see that the minimum of the modified curve rises to the value of K = 1.65 and is shifted to the lower value of w p = 25.5 µm. This result is in a good agreement with the experimentally obtained value of w p 25 µm corresponding to the maximal efficiency of photon pair coupling to single-mode fibers, as previously reported in [34] .
We tried the configuration of lenses L1 with focal length 150 mm and L2 with focal length 100 mm, corresponding to w p = 28.0 ± 1.0 µm in our experiment. Surprisingly, we observed the increase of the Schmidt number estimate up to K = 1.88 ± 0.15. This discrepancy might be related to the optical aberrations and beam waists misalignment along the pump beam propagation direction in the nonlinear crystal. In addition, we performed a Schmidt number measurement for w p = 9.9 ± 1.1 µm. All experimental results are shown in Fig. 5 as red points.
We need to note again, that the Schmidt number estimation method mentioned in the main article is not direct, because we used only absolute values of experimentally obtained coefficients C (0) aa instead of full reconstruction of all coefficients C (0) jukt in the decomposition. However, our numerical simulation showed that this kind of estimation error is still less than the statistical errors. Red dots correspond to the values, estimated from the experimentally measured histograms; solid blue line -to the prediction of the double-Gaussian approximation; dashed blue line -to the prediction of the (α, β)-modification from [31] . The red dashed vertical line marks the value of the pump beam waist for which all the results in the main article were obtained.
STATE TOMOGRAPHY
An estimate for the density matrix was obtained by minimizing the χ 2 quantity for the predicted probabilities p (P ) i and the measured probabilities p (M ) i ∝ R c (the coincidence rates R c were normalized to sum to unity):
For the reconstruction in a 3 × 3 dimensional subspace, we describe an estimate for a density matrix by a Cholesky decomposition of a 9 × 9 matrix with 80 independent real parameters. Thus the reconstructed matrix is Hermitian and positive semidefinite with unit trace by construction [37] . We also chose an over-complete set of measurements to increase the accuracy of the reconstruction. The state was projected onto a set of N = 15 × 15 eigenvectors of the generalized Gell-Mann matrices with the modes |HG 00 , |HG 10 and |HG 01 as a measurement basis.
In the case of d = 6 × 6 subspace, we enriched the measurement basis of our tomography protocol by adding |HG 20 , |HG 11 and |HG 02 modes. This time we used a set of only N = 36 × 36 projectors due to the complexity of the reconstruction process rapidly increasing with d.
